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We propose a scheme to perform bàsic gates of quantum computing and prepare entangled states 
in a system with cold trapped ions located in a single mode optical cavity. General quantum 
computing can be made with both motional state of the trapped ion and cavity state being qubits. 
We can also generate different kinds of entangled states in such a system without state reduction, 
and can transfer quantum states from the ion in one trap to the ion in another trap. Experimental 
requirement for achieving our scheme is discussed. 
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I. INTRODUCTION 

Both cavity QED and cold trapped ion systems have been drawn much attention over past dècades, due to not 
only the fundamcntal interest of physics involved but also some potential applications, such as quantum information 
processing [1]. To our knowledge, the entangled states between àtoms and cavity [2], between ions' internal states and 
motional states [3], and between internal states of different ions [4] have been experimentally achieved. If we combine 
the cavity QED technique with ion trap one, for example, placing the ion trap into an optical cavity, the problem 
would be more interesting because it involves three quantum degrees of freedom, namely, the ion's internal levels, 
phonon ficld of the trap and photon ficld of the cavity [5] . It is of great importance in the field of quantum information 
to study entanglement of three quantum degrees of freedom as well as information transfer between one of them to 
another. In early papers, Zeng and Lin proposed a technique to generate nonclassical vibrational states of cold trapped 
ions in a harmònic trap located in an optical cavity [6] . Buzek et al [7] and Luo et al [8] investigated indepcndcntly 
the quantum motion of a cold trapped ion interacting with a quantized light field. Parkins and his cooperators [9] also 
studied the coherent transfer between motional states and quantized light in detail. More recently, we notice that a 
work under similar consideration emphasized the production of Bell states between motional states of a trapped ion 
and the quantized light [10]. If we consider entanglement to be important source of quantum information processing, 
all the works referred to above have clearly shown that this kind of source does exist in the ion-trap-cavity system, 
whereas none of them showed specifically how to use this source for processing quantum information. 

Various proposals have been put forward by using internal states of cold àtoms in cavities or in ion traps to be 
qubits for performing quantum computing and quantum communication [11]. In some proposals, motional states of 
the trapped ion are employed to be qubits [12]. Recently, two proposals [13,14] were presented, which involve the 
ion-trap-cavity system for robust quantum computing against decoherence by means of large detuning between the 
cavity state and internal states of trapped ions. In fact, if the cavity decay can be effectively used, entangled states can 
be prepared in the cavity [15] and the cavity system would become a node of quantum communication network [16,17]. 
But in the present work, we will only consider an ideal case without decoherence, and focus on the construction of 
controlled-NOT (CNOT) and Hadamard gates in the system with a single ion confined in the trap which is by its 
turn located in a high-Q cavity [5], by employing the motional state of the ion and the cavity state to be qubits. 
To show the usefulness of the quantum gates we present, our model would be extended to two traps, with the single 
ion confined in each trap, placed in the same high-Q cavity. As each trapped ion is coupled to the same cavity state, 
we can prepare entanglement and transfer states between these two subsystems of trapped ions. The experimental 
aspect for achieving our scheme would be discussed. 
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II. QUANTUM COMPUTING IN THE SYSTEM OF A SINGLE TRAPPED ION IN THE HIGH-Q 

CAVITY 



Consider a singlc cold ion confined in the ion trap which itself is located in an optical cavity. We assume that the 
cavity mode, together with classical standing wavcs of làsers, couples to the internal and vibrational states of the ion, 
as discussed in Refs. [7,8,10]. The Hamiltonian in the unit of h = 1 can be written as follows 

H = ^-a z + vtfb + w c a)a + G[a+é^ +b ^^ + h.c] + ga x (a< + a) sm[ Vc (b^ +b) + <f>] (1) 

where lüq is the frequcncy of atòmic resonance transition. u> c and u)l are freqüències of cavity mode and làser 
respectively. , a and b' , b are respectively creation and annihilation operators of photons of the cavity and phonons 
of the trap. G and g are the coupling constants proportional to the ion-laser and ion-cavity interaction respectively. 
rjL and r\ c are respectively Lamb-Dicke parameters with respect to the radiation of làser and cavity. o+ , cr_ and a z 
are usual Pauli operators. <f> accounts for the relative position of motional state of the ion to the standing wavc of the 
quantized cavity ficld. Within the Lamb-Dicke limit, sin[í7 c (V + b) + <j>] s=s t] c (b^ + b) cos <fi + sin <f). Performing a unitary 
operator dcfincd as U = cxp[— it(^a z + vb^b + Lü c o)a)} yields different cases under the rotating wave approximation, 
for example, 

case 1 with wj, = Wo, H[ = G(a+ + er_); 

case 2 with lúl = wq — v, H\ = iW(ba + — òV_); 

case 3 with ujl = wo + v, H$ = iW(tfa+ — ba-); 

case 4 with ui c = u>o — v, H\ = Q^tfa- + ab<j + ): 

case 5 with lü c = v — uiq, H\ = íl(aw<j- + a'bcr+); 

case 6 with lü c = uj + v, H\ — íl(aò t (T + + a^ba ); 

case 7 with uj c — u>o, = 0'(a^cr_ + acr + ), 

whcrc W = GrjL, íl = r\ c g cos <p and O' = gsm<f). 

Therefore by adjusting the làser or cavity frequency, we can obtain different time evolutions of states in the system. 
In what follows, we only list some of them which would be used for constructing quantum computing gates and 
preparing entangled states in the present work. 
For case 1, 



for case 2, 



\g) -> cos(Gí)|g) - ism(Gt)\e), |e) -> cos(Gí)|e) - ism{Gt)\g); (2) 

\g)\m)b — » cos(y/mWt)\g)\m} b + sm(y/mWt)\e)\m - í) b , 
\e)\m) b -> cos(Vm+ ÏWt)\e)\m) b - sm(Vm + \Wt)\g)\m + 1) 6 ; (3) 



for case 4, 



\g)\m) a \n)b — > cos(y/mnÇ}t)\g)\m) a \n) b — i sin(v 'mnClt)\e)\m — l) a \n — 
\e)\m) a \n) b -> cos(V(™ + + ï)ííí)|e)|m) |n)6 - i sin(^ (m + l)(n + l)Qt)\g)\m + í) a \n + 1)&; (4) 
for case 6, 



\g)\m) a \n) b -» cos(^m(n+ l)üt)\g)\m) a \n) b - ism(^m(n + TjClt)\e)\m - l) a \n + l) b , 
\e)\m) a \n) b — > cos(V (to + l)ní2í)|e)|m) a |n) b - i sin(-^/ (m + l)nflt)\g)\m + l) a \n - l) b ; (5) 

for case 7, 

\g)\m) a — » cos(y/mQ't)\g)\m) a - ism(\/mQ!t)\e)\m - l) a , 



|e)|m) -> cos(Vto + Ïí2'í)|e)|m) a - isin^m + líí'í)|sr)|m + 1) Q (6) 
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where the subscripts a and b denote the states of photon and phonon respectively. \g) and |e) are ground and excited 
internal states of the ion respectively, and m, n — 0, 1, • • ■. 

With above time evolutions of states for diffcrcnt cases, we can construct Hadamard and CNOT gates in the system, 
which are bàsic elements of a general quantum computing [18]. We first try to implement CNOT gate between |) a 
and |) b . If the internal state of the ion is prepared to the ground state, by performing operations R^(^) and 

sequentially, where i?|(f ) means the time evolution of the case 4 with fií = | and Ríj{^-) is the time evolution 
of the case 7 with Vi't = ^ , we have 

l.9>|10)afc - |5)|10}a6 - í|e)|00) ab - |.g)|ll) ab , 



|5>|01> o6 - |.g)|01) ab -> |fl)|01) o6 - b>|01>„6, 



|fl)|H)a6 - -t|e)|00) o6 -> |.g)|10) ab - |.g)|10) ab , 

|g)|00) ab - |.g)|00) afc - |.g)|00) ab - |.g)|00) ab (7) 

which is the CNOT gate with |) and |) b being control and target states respectively. Similarly, to perform the CNOT 
gate with |) b and |) a being control and target states respectively, we combine H[ and . With operations of Rl(^-), 
^Kt") an( i ^í(f) sequentially, we have 

| 5 )|10) o6 -> |5)|10) o6 - |fl)|10) o6 -> |5)|10) o6) 



Ifl>|01)o6 -» l.g)|01) a6 - -|e)|00) a6 - i|fl)|ll)„6, 
|.g)|ll) ab -» ï|e)|00) ab - i| 5 )|01) o6 -» »|ff)|01) o6) 

|fl)|00) o6 -> |ff)|00) o6 - |g)|00) ab -> | 5 >|00) ab . (8) 

So further single qubit rotation is needed for climinating the prefactor i when the final result of motional state of ion 
is |1 > b . 

For implementing a Hadamard gate of |) a , we also need to initially prepare the internal state of the ion to the 
ground state. By performing operations R^(^), R{(^f-) and i?y(-|), we obtain 

| 5 )|l) a - -i|e)|0) o - =±i(\e) + i\g))\0) a ^|5>(|0>„ - |1) ), 

| 5 )|0)„ - | 5 )|0) o - -j=(\g) + i\e))\0) a ^ls>(|0} a + |1>„). (9) 

The Hadamard gate of |) b can be obtained similarly by replacing ^(f) with Jï|(Ç). 

Therefore, the general quantum computing can be made with the bosonic qubits, i.e., the motional state of the 
trapped ion and the cavity state being qubits. However, it would be more meaningful if we consider a system with 
more trapped ions in a cavity. Therefore in next section, we will discuss how to use above quantum computing gates 
to transfer states and prepare entangled states in the case that two trapped ions are coupled to the same cavity state. 



III. QUANTUM COMMUNICATION IN THE SYSTEM OF TWO TRAPPED IONS IN A HIGH-Q 

CAVITY 

Suppose that there are two separate traps placed in the same high-Q optical cavity with a single ion confmed in 
each trap. If Coulomb interaction between the two ions is weak enough, and the two subsystems of trapped ions are 
identieal, we can obtain Eqs.(2)-(9) for the two subsystems respectively, where the cavity state |) a plays the role of 
connection between these two subsystems. Although we only focused our attention on the two bosonic qubits in last 
section, we will investigate in this section how to make entangled states and state transfer with all quantum degrees 
of freedom involved. 

Application 1: State transfer between two trapped ions 
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Suppose that the two trapped ions are respectively prepared to C\g)\ + D\e)i and |<7) 2 with |C| 2 + \D\ 2 = 1 and 
subscripts being labeling of the ions. Both motional states of the two ions and the cavity state are prepared to ground 
statcs. So we have {C\g)\ + D\e)i)\0) bl |<7) 2 |0)b 2 |0} a with subscripts b\ and ò 2 labeling motional states of ions 1 and 2 
respectively. By performing operations R? 1 ^) and then R^ 2 (^-), where R^ 1 and R\ 2 are time evolutions of the case 
7 for ions 1 and 2 respectively, we have 

(q 5 ) + J D|e)) 1 |o} 6l | 5 } 2 |o} 62 |o) ^| 5 } 1 |o} 6l | 9 ) 2 |o) 62 (qo)-^|i}) 

- |ff)i|0) 6l (C| í /)+D|e))2|0) 6a |0) o . (10) 

The state transfer shown above is made through coupling to the cavity state, instead of the direct interaction between 
the two trapped ions. So if there are many trapped ions placed in the cavity, we can transfer the state from one trapped 
ion to another even if they are not ncighboring. In fact, we can also perform swapping operation between above two 
trapped ions. To this end, we have to define S a b = CNOT ab ■ CNOT ba ■ CNOT ab where S ab is the operation of state 
exchange between |) a and |);,, and CNOTij the CNOT gate with |)j and \)j being control and target states respectively. 
If we start our process from the initial state of (C\g) + D\e)) 1 \0) bl (E\g) + F|e)) 2 |0) b2 |0) o where \C\ 2 + \D\ 2 = 1 and 
|£| 2 + |F| 2 = 1, performing i#(§ ), i#(f ), S abl , S ab2 , S abl , R^^f), and iï 2 2 (Ç) sequentially will yield 

(C\g) + Dle^O^Elg) + F|e)) 2 |0) 6a |0) o - \g)i(C\0) - D|l)) 6l | 5 ) 2 (£;|0) - F|l)) 62 |0) o -> 

| ff >i(£?|0> - Jf|l» 6l | ff > 2 (C'|0> - Z»!!»^^)» — (£7| ff > + í-le»!^)^^^) + J D|e» 2 |0> 6a |0> a . (11) 

Bricfly speaking, the above swapping involves three steps, i.e., quantum information transferring from ions' infernal 
states to corresponding motional states, then swapping between motional states of the two ions, and then quantum 
information transferring from ions' motional states to corresponding infernal states. 
Application 2: Preparation of Greenberger-Horne-Zeilinger (GHZ) state [20] 

Suppose that the initial state of the system is the same as that of Eq.(10). By first performing operation R^ 1 (^), 
then CNOTabj and CNOT a f, 2 respectively, we have 

(C\g) + D|e»i|0) 6l |.g) 2 |0) b2 |0> o - | 5 >i|0) 6l | 5 ) 2 |0) 62 (C|0) - iD\l)) a 

— |ff>i|5> 2 (C|000> -ir>|lll»6 l6a a. (12) 

The GHZ state prepared here is different from that in Ref. [7]. It is more interesting because we can control the 
cntanglcment of the GHZ state by preparing the initial state of the ion 1. If many trapped ions are located in the 
same cavity, we can obtain a GHZ state with many qubits along this idea. 
Application 3: Entanglcmcnt of the two trapped ions 

After obtaining the GHZ state presented in Eq.(12), we perform a CNOTb ia . Then we have 

| 3 ) 1 | 5 ) 2 (C|000) - *D|lll» 6l6a0 -> | 5 >i|3>2(C|00) - iD|ll» 6l6a |0>„. (13) 

If we want to have other types of Bell states, we can implement Hadamard gates of \} bl and |)& 2 respectively on above 
state, which yields, 

lí/)i| ff )2(qoo)-*D|ii)) 6l62 |o) -> 
\\g)i\9H{C - »D)(|oo) + |ii)) fel62 - (c + íd)(\oi) + |io)) 6l62 ]|o)„. (u) 

By choosing vàlues of C = ±iD, we can obtain different Bell states between motional states of two trapped ions, 
which would be useful in future teleportation experiments with massive partides involved. With the similar idea, we 
can have entanglement between infernal states of the two ions. Suppose we start from |e)i(C|0) + D\l)) bl |<7) 2 |0)f, 2 |0) a 
with \C\ 2 + |L>| 2 = 1, performing i#(f), CNOT ab2 , and i^ 2 (§ ) sequentially will yield 

|e) 1 (q0)+£>|l)) 6l | 9 ) 2 |0) 62 |0) o ^(qe) 1 |00) a6l -i£)| 5 ) 1 |10) a6l )| 5 ) 2 |0) 62 

-> C|e>i|0> 6l |3>2|00> o6a - z^| ff )i|0) bl |.g) 2 |ll) ab2 -» (C\eg) - D\ge}) 12 \000) blb2a . (15) 
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IV. DISCUSSION AND CONCLUSION 



To somc cxtcnt, our scheme is similar to the well-known model proposed by Cirac and Zoller [21], in which some 
cold ions, confincd in a linear ion trap and radiated by làser beams individually, intcract with each other by coupling 
to the common vibrational motion. In contrast, in our scheme, if we perform swapping operations of S a b alternatively 
in the two traps, it is easy to obtain, 

ls>i|g) 2 |o} 6l |o) b2 |o) a - | 5 )i|s)2|0) 6l |0) 62 |0) o , 

Ií7>l|ff>2|0)6 1 |l)6 a |0)„->| ff )i| í /)2|0)6 1 |l>6 2 |0)„, 
lí?>l|ff>2|l>6 1 |0)6 2 |0) o ->| ff ) 1 | í /)2|l>6 1 |l>6 2 |0)„, 
lfl>l|ff>2|l>6 1 |l)6 2 |0)„->|ff)l|ff)2|l)6 1 |0) Í2 |0) o . 

That means, by coupling the cavity state, we can have quantum computing on motional states of trapped ions. 
Compared with Ref.[21], we have an additional degree of freedom, i.e., infernal states of the ions for storing quantum 
information. This quantum information storage can be easily madc by state transfcr from motional states of ions to 
corresponding infernal states. To the best of our knowledge, our work is the first scheme to make quantum computing 
in the computational space spanned by ions' motional states and cavity state. It would open a new way to perform 
quantum computing on bosonic qubits. Another distinguished character of our scheme is that only two levels of each 
ions are employed in our model, which is important for avoiding detrimental effect from the fluctuation of external 
magnètic field [22]. 

From above results, we know that the phase factor <f) plays very important rolc in our scheme. If ion traps are 
located at the node of the standing wave of the cavity field, as in Ref.[10], then no case 7 would appear, and thereby 
it is impossible for us to have a general quantum computing presented above. Moreover, we have to mention that 
all the entangled states presented in last section are prepared without any measurement. This is important because 
sometimes it is difficult to make measurement [23] , and sometimes we do not want to have state reduction if preparation 
of entangled states is in the course of quantum information processing. Furthermore, we must mention that both 
motional states of ions and the cavity state are more susceptible to decoherence than infernal states of ions. So 
accomplishment of desired operations should be much faster than that in former schemes with infernal states of àtoms 
being qubits. Suppose g = 2tt x 3 x 10 7 Hz [24], G = 2tt x 5 x ltí>Hz [3], rj c w rj L = 0.2 and <f> = \ , the time for 
accomplishing a CN0T o b gate, a CNOT^a gate, a Hadamard gate of |) and a Hadamard gate of \)b are respectively 
1.5 x 10~ 7 sec, 7.8 x 10~ 6 sec, 4.2 x 10~ 6 sec and 6.8 x 10~ 6 sec. For more clarity, some numerical results are 
demonstrated in Fig.l, which shows the variation of implcmcntation time of diffcrcnt quantum gates with respect to 
g and G. Expcrimcntally, decoherence time for motional state of a cold trapped ion is about 1CP 3 sec [25]. However, 
the decay time of the optical cavity is on microsec time scale. It means that, even if we neglect the delay time 
between any two adjacent operations, which is used to change the làser frequency or cavity frequency for obtaining 
diffcrcnt interactions, our scheme can not work well with current experimental techniqucs. Thcrcforc, to implement 
our scheme, more advanced technique is highly demanded to prolongate the decay time of the optical cavity, to enlargc 
the coupling coefncients g and G, and to reduce the time delay between any two adjacent operations. We noticed 
some proposals to increase the value of G in so-called strong-excitation regime of the trapped ion [26], although no 
experimental reports in this respect have been presented so far. We also noticed the latest developmcnt of microwave 
cavity experiment in which the decay time of the cavity mode is as long as 0.2 sec [27]. Moreover, to reduce the 
time delay, we may use different làsers with different freqüències, instead of changing the frequency of a single làser. 
Nevertheless, how to reduce the performance time of our scheme to be shorter than the decoherence time of the 
cavity would be a big challenge for achieving our scheme experimentally. If we suppose that thcre is no error in our 
operation, as lifctime of the motional state of the ion is much longer than the performance time of our quantum gate, 
decoherence of the cavity state is the only factor to affect the fidelity of our proposed gate. As a simple assessment, 
we present the numerical treatment for the fidelity of CNOT^a performance with respect to the decoherence time of 
cavity state. For simplicity, we assume that the cavity photon decay happens in the last step concerning i?|(7r/2). 
By means of the method in Ref . [28] , we can find that our scheme works very well as long as the implementation time 
is half the time of the cavity photon decay. 

In conclusion, we have considered an ideal situation of the ion-trap-cavity system and proposed an interesting 
scheme for performing quantum computing and quantum communication in the system with trapped ions placed in 
a high-Q optical cavity. The entangled states including Bell states and GHZ state can be prepared without state 
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reduction. In principle, this model can be generalized to the case of many trapped ions in the same high-Q optical 
cavity. However, by using current cavity technique, with the increase of the cavity size for containing more trapped 
ions, the coupling coefhcients g would decrease. This is also the challenge for achieving some quantum computing 
schemes with semiconductor quantum dots [29]. Nevertheless, once our scheme is achieved, as the traps interact with 
each other through coupling to the same cavity state, we can have a network of quantum information processing. 
If the decaying effect of both motional states of the ion and the cavity state are considered and suitably used, the 
treatment would be more complicated, but more interesting. In particular, if cavities can be connected with each other 
by quantum wires, the system under consideration here would be a workable node of a larger quantum network. We 
have noticed the first experimental report in the ion-trap-cavity system with single atòmic quantum bit confmed [30] . 
With ràpid development of experimental technique, we believe that our proposal would be of interest in exploration 
of quantum information processing. 

The authors would like to thank Irene D'Amico and Paolo Zanardi for valuable discussion. The work is partly 
supported by the European Commission through the Research Project SQID within FET Program, and partly by the 
National Natural Science Foundation of China. 

Note added: after finishing this work, we become aware of a recent work fl3l]] , in which maximally entangled states 
is generated between vibrational states of two trapped ions by illuminating the two ions simultaneously with two 
dispersive Raman pulses. That work is different from ours because the entanglement between vibrational states of 
trapped ions is generated in our scheme by the connection of cavity state. 
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The Captions of the figures 

Fig.l Time of quantum gate performance with respect to the coupling strength, where <f> = 7r/4, r] c = r/L = 0.2. 
(A) Setting G = 2tt x 5 x 10 5 iïz, implementation time varies with vàlues of g (in the unit of 2ir x 30MHz). The 
dotted, dashed and sòlid curves denote CNOT ba , H a and CNOT ab respectively. (B) Setting g — 2tt x 3 x 10 7 Hz, 
implementation time corresponds to different G (in the unit of ir MHz). The dotted, dashed and sòlid curves denote 
CNOT ba , H b and H a respectively. 

Fig.2 Fidelity of the CNOT ba gate performance with respect to Ti m /Td, where Ti m and Td are respectively 
implementation time of CNOT ba gate and decoherence time of the cavity state. For cases of Hadamard gates and 
CNOT ab , we can have similar results. 
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Fig.2 



